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Abstract

A linear isothermal dynamic model for a porous medium saturated by two immiscible fluids is developed in the
paper. In contrast to the mixture theory, phase separation is avoided by introducing one energy for the porous medium.
It is an important advantage of the model based on one energy approach that it can account for the couplings between
the phases. The volume fraction of each phase is characterized by the porosity of the porous medium and the saturation
of the wetting phase. The mass and momentum balance equations are constructed according to the generalized mixture
theory. Constitutive relations for the stress, pore pressure are derived from the free energy function. A capillary pressure
relaxation model characterizing one attenuation mechanism of the two-fluid saturated porous medium is introduced
under the constraint of the entropy inequality. In order to describe the momentum interaction between the fluids
and the solid, a frequency independent drag force model is introduced. The details of parameter estimation are dis-
cussed in the paper. It is demonstrated that all the material parameters in our model can be calculated by the phenom-
enological parameters, which are measurable. The equations of motion in the frequency domain are obtained in terms
of the Fourier transformation. In terms of the equations of motion in the frequency domain, the wave velocities and the
attenuations for three P waves and one S wave are calculated. The influences of the capillary pressure relaxation coef-
ficient and the saturation of the wetting phase on the velocities and attenuation coefficients for the four wave modes are
discussed in the numerical examples.
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1. Introduction

The dynamic response of porous media is of interest in various areas such as geophysics, civil engineer-
ing, ocean engineering, petroleum engineering and environmental engineering. It is pointed out in a histor-
ical review (de Boer, 1996) of the subject that two kinds of theories have been developed and used up to
now, namely, Biot’s theory (Biot, 1956a,b, 1962) and the mixture theory (Morland, 1972; Bedford and
Drumbheller, 1978; Bowen, 1980, 1982; Passman et al., 1984). The important difference between Biot’s the-
ory and the mixture theory is the coupling between state variables of the solid and the fluid phases. Bowen
(1982) showed that if the coupling parameter Q introduced by Biot (1956a) is neglected, then, the mixture
theory is equivalent to Biot’s theory. A comparative study by Schanz and Diebels (2003) shows good agree-
ment between Biot’s theory and the mixture theory in the case of incompressible constituents, while for the
case of compressible constituents there is significant discrepancy between the two theories. Clearly, this is
due to the fact that in the incompressible case the constitutive coupling terms in Biot’s theory vanish and
thus, the two approaches are equivalent.

Based on the work of von Terzaghi (1923), Biot (1956a,b, 1962) presented a theoretical description
of a porous medium saturated by one fluid. In deriving the equations of motion for the porous med-
ium, Biot introduced the Lagrangian viewpoint and the concept of generalized coordinates. Biot derived
the constitutive relation of the porous medium from a single free energy. Biot also extended his theory
to the anisotropic medium (Biot, 1955), poro-viscoelastic medium (Biot, 1956c) and non-linear poro-
elastic medium (Biot, 1972). Besides, Biot’s theory was extended to the unsaturated porous medium
by Brutsaert (1964), Berryman et al. (1988) and Santos et al. (1990), Hanyga (2004), Hanyga and
Lu (2004). As mentioned above, a striking characteristic of Biot’s theory is the constitutive coupling
between the solid skeleton and the pore fluid, which can account for both mechanical interactions be-
tween bulk components and the complex interface phenomena in the porous medium. Furthermore, in
contrast to some recent model (Hassanizadeh and Gray, 1990), since the coupling parameter in Biot’s
model can be determined by appropriate ideal experiments (Biot and Willis, 1957), the phase interac-
tion effects can be taken into account without an explicit reference to the interfaces. However, since
Biot introduced his theory in the frame of the Lagrangian mechanics, the restrictions on the dissipative
mechanisms such as drag force and capillary pressure hysteresis have to be imposed by intuitive
consideration.

The generalized mixture theory can also be used to describe the behavior of porous media saturated by
fluids. An important feature of the generalized mixture theory is the introduction of the concept of volume
fraction to characterize the microstructure of the porous medium (Morland, 1972). According to the mix-
ture theory, at the macro-scale level, each phase can occupy the same point simultaneously in an amount
determined by its volume fraction. Each phase is also characterized locally by two independent densities: a
true density with respect to the true volume occupied by the phase and an bulk density with respect to the
total volume occupied by the porous medium. Another important assumption of the generalized mixture
theory is phase separation, which has the following implications: (1) the total energy and entropy are a
sum of all the partial energies and entropies associated with the phases; (2) the partial energy and entropy
of each phase depend only on the state of that phase. In effect, phase separation is only reasonable for some
special cases such as particulate media. The assumption of phase separation is too restrictive in the context
of general porous media since it ignores the interface energy generated by the coupling between the fluids
and the solid. To circumvent the limitation of phase separation in the mixture theory, Hassanizadeh and
Gray (1990), Muraleetharan and Wei (1999), Wei and Muraleetharan (2002) treated the interfaces and
the common contact lines as separate phases endowed with mass, density and energy. In this way, the inter-
action effect between each phase can be taken into account. However, this approach introduces additional
thermodynamical variables such as volume density of interface area, which is beyond the reach of the
current experiments.
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In order to overcome the drawbacks of both Biot’s theory and the generalized mixture theory, Hanyga
(2004) recently put forward a general dynamic model for porous media saturated by two immiscible fluids.
Central to his theory is the idea of using one energy and one entropy for the porous medium as well as
borrowing the concept of volume fraction from the mixture theory. The entropy inequality and the
Coleman—Noll method (Coleman and Noll, 1963) were utilized to derive the constitutive relations for
the porous medium. Also, the possible models for capillary pressure hysteresis and drag force constrained
by the entropy inequality were discussed. The focus of this contribution is to derive an isothermal dynamic
model for the porous medium saturated by two immiscible fluids. Following Biot (1956, 1962) and Hanyga
(2004), the single energy assumption is adopted here to avoid the phase separation assumption. The volume
fraction of each phase is characterized by the porosity of the porous medium and the saturation of the wet-
ting phase. As in Biot’s theory, the porosity of the porous medium is assumed to be a material constant and
does not undergo variation during the dynamic process. The momentum and mass balance equations here
are assumed the same forms as in the mixture theory. The constitutive relations for the stress, pore pres-
sures are derived from the entropy inequality. In terms of the entropy inequality, a capillary pressure relax-
ation model is introduced as one attenuation mechanism for the porous medium. According to this model,
in equilibrium, the increment of the capillary pressure is determined by the saturation increment, while in a
dynamic process the increment of the capillary pressure depends additionally on the time derivative of the
saturation. In order to describe the interaction between the solid and the fluids, a frequency independent
drag force model is introduced in the frame of entropy inequality. Parameter estimation is also discussed
in the paper. In order to determine the parameters involved in our model, some new experiments are intro-
duced. All the material parameters in our model can be calculated by the material constants which are
measurable by means of the introduced ideal experiments. The equations of motion in the frequency do-
main are obtained in terms of the Fourier transformation. In terms of the equations of motion in frequency
domain, the wave speeds and the attenuations for three P waves and one S wave are calculated. The influ-
ences of the capillary pressure relaxation coefficient and the saturation of the wetting phase on the velocities
and attenuation coefficients for the four waves in the porous medium are discussed in the two numerical
examples.

2. Kinematics and balance equations

In this paper the porous medium is considered as consisting of a solid phase which is identified by the
superscript ‘s’ and two immiscible fluids which are identified by the superscripts “w’ (wetting phase) and
“n” (non-wetting phase), respectively. In what follows, the variable « is used to denote an individual phase,
o =s, w, n, while the variable f refers to either of the two fluid phases, f= w, n. The balance equations of
the three phases are formulated in the framework of the generalized mixture theory (Bowen, 1980, 1982).
On macroscopic scale each spatial point in the domain of interest is occupied by the material points of each
individual phase. The fraction of the microscopic volume occupied by phase « is represented by the volume
fraction n'®. In the absence of voids, >-,n® = 1. Each individual phase, therefore, can be characterized by
two densities, one of which is true density (y'*)) relative to the volume it actually occupies, and the other is
bulk density (p® = n'®y*) relative to the total volume occupied by the mixture point. For a porous med-
ium with porosity ¢, the fraction of the solid phase n'® = 1 — ¢, where ¢ is the porosity of the solid matrix.
In the paper, the porosity of the solid matrix is assumed to be a material constant that is not subject to
temporal variations. Moreover, the volume fraction of the two fluids can be expressed by using the wetting
fluid saturation S, with "™ = S¢ and n™ = (1 — S)¢.

Generally, the three phases s, w, n move independently in the course of a thermodynamic process. Thus,
the material particles of each phase should be characterized by independent initial material position X,
and the motion of material point of each phase, therefore, may be expressed as x'*(X*, 7). However, for
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linear theory in this paper, the difference between the material coordinate and the Eulerian coordinate is

neglected. As a result, the material derivative is reduced to the time derivative at a fixed spatial location.

For the linear process under consideration, we assume the following reference equilibrium state
{7, 8,EY vy = (31,50, 0,0},

o=Ss,W,n

(1)

where E® is the strain tensor for the solid skeleton and v\ is the velocity for the three phases. When an
infinitesimal disturbance is applied, the porous medium will arrive at a new state specified by the variables

(V)8 EQ vy = ) 4+ Ay Sy + AS,AE®  AV?}, 4 =5, w,n (2)

For the dynamic process defined by (1), (2), reducing the material derivative to the time derivative at a
fixed spatial location, the following mass balance equations for the three phases are obtained

OAY® g .
6); = —“/E))V Ve (3a)
Ay Mo w1V 0AS
R — ) . w9 - 3b
ot Jo VoV Sy Ot (3b)
0Ay™ (n) (n) 7 OAS
o - VY s (3¢)

Note that the mass exchange between two components is excluded in (3). Similarly, the linear momentum
balance equations for the three phases have the form
o
ngx)“/éx) a;—i) —V-Ac"® — n(()“)y(()“)Ab“) = ATM, o =Ss,W,n (4)
where Ao and Ab'® are the increments of the stress and the external supply of linear momentum per unit
mass for o phase, AT represents the increment of the rate of linear momentum transfer to phase o from
the other phases. It is worth noting that since in this paper we concentrate on the isothermal thermodynam-
ics process, the energy balance equation for the porous medium is not needed for the closure of the system.
In order to simplify the notation of the paper, from now on, all the quantities with increment symbol A
will be replaced by the corresponding quantities without the symbol A and all the initial quantities associ-
ated with the reference equilibrium state will be specified by the subscript 0. Thus, the mass balance equa-
tions for the three phases are rewritten as

o)
5=V (5a)
oM v “/(()W) oS (5b)
or Do S, ot
5 _ gy 2 -
or o 1—S, o

The momentum balance equation for each phase is recast in the form

(o), () OV

Mo Vo 5 T V-6 — iy b = Tw, o=s,W,n (6)
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The momentum conservation law for the three phase of the porous medium assumes the form

Y17 =0 (7)
o
Assuming that there is no moment of momentum transfer between the phases, it follows that ¢ =6,
The total mass density, total stress of the three-phase porous medium are defined as follows:

b= Y08 = S, 6= Y e (sab)

As usual in poroelasticity, shear stress in fluids is neglected. The relationship between the bulk stress of flu-
ids and the corresponding pore pressures is assumed the form

o) = —p"n"L f=w,n 9)

where p¥ denotes the true pressure of the wetting and non-wetting fluid.

3. Entropy inequality and constitutive relations

For the linear isothermal dynamic process experienced by the porous medium here, the balance equa-
tions presented in the previous part are not sufficient to characterize the process. In order to obtain a closed
system of equations, it is necessary to express some physical variables in terms of constitutive functions of
the independent variables. In deriving our constitutive relations, following Biot (1956a, 1962) and Hanyga
(2004), the porous medium is described in terms of a single total energy. For the porous medium under con-
sideration, E®¥, y® (« =s,w,n), S are chosen as the independent state variables. Constitutive equations,
therefore, must be introduced for the dependent variables: the free energy 4 for the unit volume of the por-
ous medium and the partial stress 6'* (o = s, w, n). Consequently, for the linear theory under consideration,
the following constitutive equations for the free energy A4 and the partial stress 6 (« = s, w,n) are assumed

A=A(EY 5™ 5.8) (10a)

6 =" (EW ™ 5 g) (10b)

where 4 and 6 represent the function form of the free energy and the partial stress. Note that since the
density of solid skeleton can be determined by integrating the mass balance equation of the solid phase in
terms of E® and porosity ¢ (material constant), y® is not explicitly included in above equation.

Following the interpretation of the second law of thermodynamics by Coleman and Noll (1963), all the
solutions of the balance equations and constitutive equations must satisfy the Clausius—Duhem inequality.
For linear isothermal dynamic process of the porous medium, the entropy inequality assumes the following
form (Hanyga and Lu, 2004)

o4 —w —n
~pog, Ty 0 LY STy T s > g (11)

where L' = grad v® and vW*¥ = v¥) — v, f= w,n. By using the constitutive assumptions and the mass bal-
ance equations, above inequality leads to

04 04 04
() _ L (w) (W) W) (n) (@)

L [P’ B4 pgiy) @4 4D )

- —pea| 2 v Ty 5 12
Sy o™ (1—S,) o™ 35| o v vz (12)
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Since the values of L™, o = s, w,n are not constrained by any balance equations nor constitutive assump-
tions, it follows that the coefficients of L' in Eq. (12) must vanish

o4
6 —
P *pan@) (13a)
. o4 o ad
() = _ ol 0 _ Pols _
o= hl b PE a1 00 S =wn (13b.c)

Using Egs. (12) and (13), the following residual entropy production inequality is obtained

(n)

pors” 04 ey’ 04 P
So oy (1 —So) oym  "B8s| or

) T Ly > 0 (14)

The time derivative of the saturation S and the relative velocities v, v\ vanish at an equilibrium
state. Consequently, inequality (14) is satisfied automatically for any equilibrium state near the reference
state. However, for dynamic process, say, wave propagation, in general, the time derivative of the satura-
tion S and relative velocities V¥, v will not vanish. Consequently, the coefficients of 8S/d¢ and v\*™**),
v™) in (14) must be chosen to satisfy the inequality. Since linear theory is considered in the paper, the devi-
ation of the perturbed state from the reference equilibrium state is infinitesimal. As a result, capillary pres-
sure hysteresis (Dullien, 1992) is neglected here. Moreover, we shall focus on the low frequency dynamic
process of the porous medium. Therefore, the frequency independent drag force model is adopted here
(Biot, 1956a). For simplicity, in this paper we neglect the coupling between the capillary effect and the drag
force and only reserve the diagonal terms in the quadratic form of 3S/0z, v, v\ determined by (14).
Thus, the porosity relaxation equation and drag force between the fluids and the solid are assumed in
the following forms

(w) (n)
PoYy 04 Poyy 04 04 oS
_ — oy = K g — 15
So ay(w) (1 _ So) @y(“) Po aS ds ot ( a)
T(W) _ —wa(W’S) _ _bw(v(w) _ V(S)) (ISb)
T(n) _ _bnv(n,s) = _b, (V(n) _ V(S)) (ISC)

where the parameter Ky is the porosity relaxation coefficient and accounts for the relaxation process
regarding the saturation variation; by, b, are the parameters accounting for the drag forces between the
solid skeleton and pore fluids. It follows from (15), in order to guarantee the inequality (14), the coefficients
Ky, by, b, should be non-negative. There are two mechanisms accounting for the attenuation of the two-
fluid saturated porous medium in our model: the common drag force mechanism and the present capillary
pressure relaxation mechanism. It will be shown later the capillary pressure relaxation is an important
attenuation mechanism for the P waves of the porous medium. Clearly, the entropy inequality (14) is sat-
isfied automatically if the dynamic process is restricted by (15). Moreover, the parameter Ky, has the dimen-
sion of SN/L? and drag force parameters by, b, are given by the following expression

()
ng N
bf:W7 f:W7n (16)
where k is the intrinsic permeability of the porous medium, kﬁ’ ) is the relative permeability for fluid which is
dependent on the saturation of the fluid (Dullien, 1992), n is the viscosity of the fluid. Note that the fre-
quency independent drag force model used here only holds for the low frequency range (Biot, 1956a), as for
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the high frequency, drag force models are frequency dependent (Biot, 1956b; Johnson et al., 1987; Pride
et al., 1993).

The following nine momentum balance equations are obtained by substituting (15b) and (15¢) into the
linear momentum balance equation (6) for the three phases

‘ , ‘ v

V-o® + nés)y(()wb(s) + bw(v(w) _ V(s)) + bn(v(“) _ V(5>) _ n(()s)ygs) gt (172)
() () (), () f) (s) o) ov)

=V (ng p 1) gy B = b (V= V) =g g -, f=w,n (17b)

ot ’
Note that since our theory is based on the first principle of the continuum mechanics and the thermody-

namics, consequently, the intuition-based mass coupling is neglected in our momentum balance equations.
Using Eq. (13), Eq. (15a) is rewritten as
04 .
B~ ) = py o = KasS (18)

where a dot over a variable denotes the derivative with respect to time.

4. Formulation of the linear model for the porous medium
Based on the theory of above section, a more specific linear model for a porous medium saturated by two

fluids will be developed in this section. For the linear porous medium under consideration here, the free
energy for a unit volume porous medium can be expressed by the following quadratic form

2 2
1 1 (w) 1 (n) 1 w
pod = ~E® : D E + -l M, <L> + 5 My (V— oy ny KepS?

- —n
: 2 w') 2 v
CAWAD ) )
w) (n Y V w s Y n s Y
+ n(() )n(<) )Mwn (W) ( (n)> - n(() )MSW(E( ) : I) (W) - n(() )Msn(E( ) : I)( (n))
Yo Yo Yo Yo
W) (n) ) . (W) (n) ™) W) (n)? y™
+ny ny M (EY 1 D)S —ny’ ny My W S —ny 'ny’ M N S (19)
0 0

where D = AJ @ I+ 2uly, 1 is the second-order isotropic tensor with component J;; (d; is the Kronecker
delta), I, is the fourth-order isotropic tensor with component (Ly);x; = 1/2(040; + 0404), 1s, As are elastic
parameters for the solid skeleton. In expression (19), the first three terms denote the energy of three bulk
phases: the solid phase, the wetting phase and the non-wetting phase; the fourth and the fifth term denote
the interface energy between the two fluids; the sixth and the seventh term represent the interface energy
between the solid and the two fluids; while the last three terms denote the common contact lines energy
of the three phases (Gray and Hassanizadeh, 1991). Compared with the energy of the three bulk phases
and the energy of the interfaces, the energy due to the common contact lines is assumed to be negligible.
As a result, in the following derivation, we set M. = M., = M., = 0. Note that the minus symbol in the
above equation is due to the fact —y!) /ygf ), f = w,n denotes the volume variation of the f-phase and
the volume fraction coefficient before each term denote the volume of the fluid related to the energy rep-
resented by the term.
Integration of (5) leads to the following mass balance equations

P = V7 (20a)
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P = Wy g T g (20b)
So
V(n)
pW = ™ g (20c)
1 -8
Using (13), (19) and (20), the stress for the solid skeleton has the form
6" =D EY + )" Myye I + 1 Me, + NS (21)

where Ny = ¢(Myy — M) and ey, =V - ™), e, = V - u™. The pore pressures for the two fluids can be cal-
culated in a similar way

p(w) = _Mswes - Mwwew - n(()n>Mwnen - NWSS (223)

P = —Mge, — n(()W)MwneW — M nen + NpoS (22b)

where Nys = Myw/So — ¢ My, Nos = Mon/(1 — So) — ¢ My, and e =V - u®. In terms of (18) and (19), the
relaxation equation for the capillary pressure is obtained

d(p™ — p™) — n(()w>n(<)“)KCPS = K4S (23)

In equilibrium, the derivative of the saturation vanishes and Eq. (23) implies the increment of the capillary
pressure is related to the saturation increment. In a dynamic process, the increment of the capillary pressure
is related to the derivative of the saturation as well as the saturation increment. Note that (23) also serves as
the closure equation for the system. Also, Eq. (23) shows that for the equilibrium state, the capillary pres-
sure of the porous medium varies linearly with the increment of the saturation. This is the linear property of
our theory. In effect, the equilibrium expression of Eq. (23) is similar to the differentiation of the Leverett
type capillary pressure relation (Leverett, 1941).

As is well known, the free energy of the porous medium must be non-negative, so the quadratic form (19)
should be positive definite. The constraints on the material parameters by the positive definite condition are
as follows:

Ki>0, u >0, Myy>0, My>0, K, >0,
K, "My, —n"My,
> 0, —n(()W)MSW ngw)Mww n(()VV)nf)n)MWn >0
—11(()H>MSn n(()w> nf)n)MWn nén)Mnn

K, —n{" Mg,
_nE)W)MSW nf)W)Mww

(24a-g)

where K = A5 + (2/3) .

Summarily, the governing equations for the porous medium here are constitutive relations (21) and (22),
the closure equation (23) and the momentum balance equation (17). These equations are sufficient for solv-
ing the displacements, stress, pore pressures and the saturation of the system. It is worth noting that based
on our two-fluid theory, one fluid theory (Biot’s theory) can be recovered by letting the volume fraction of
the wetting phase or the non-wetting phase tend to zero or by letting the material parameters of the two
fluids be identical if the mass coupling in Biot’s theory is neglected.

5. Estimation of the parameters involved in the linear model for the porous medium

Nine parameters Kep, Kas, As, tss Mww, Mun, Myn, My, Mg, in the proposed model have to be deter-
mined. These parameters are only indirectly measurable. Thus, in order to determine these parameters,
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the relationships between these parameters and the measurable parameters must be established. Note that it
is assumed that the parameters such as permeability, relative permeability and viscosity of the fluids are
known in advance and they can be measured by common experiments (Dullien, 1992). Consequently, their
evaluation will not be discussed here.

In this paper, six experiments and ten phenomenological parameters are introduced to determine the
nine material parameters. Firstly, the matric suction test (Fredlund and Rahardjo, 1993) and the corre-
sponding phenomenological parameter—the specific saturation capacity—are introduced to evaluate the
parameter K, Secondly, a harmonic dynamic experiment concerning the capillary pressure is used to
determine the capillary pressure relaxation coefficient K4 in (23) and the phase difference between the cap-
illary pressure increment and the saturation increment is used as the phenomenological parameter. More-
over, for the two elastic parameters pu,, K, a shear test and a drained compression test for the porous
medium sample are used, while the shear modulus pg and the drained bulk modulus Ky, for the two-fluid
saturated sample are used as two phenomenological parameters. Finally, for the other five parameters M.,
My, My, M, M, the undrained and the quasi-unjacketed test for the porous medium will be used. For
the undrained test of the porous medium, the undrained modulus K4, the Skempton coefficients B, B,
(Skempton, 1954) for the wetting and non-wetting phase are used as three phenomenological parameters,
while for quasi-unjacketed test (Biot and Willis, 1957), the quasi-unjacketed bulk modulus K,; and the fluid
content coefficients f, 5, for the wetting and non-wetting phase are chosen as the other three phenome-
nological parameters. The relations between the six phenomenological parameters K4, By, By, Kyj, Bws Pn
and five parameters to be determined will be established in this section.

Now we proceed to evaluate the nine material parameters. We begin with the matric suction test
(Fredlund and Rahardjo, 1993). When a small disturbance is applied to the test sample at a reference equi-
librium state, it will deviate from the reference equilibrium state. After a period of time, the test sample
will arrive at a new equilibrium state. Consequently, in terms of (23), for the new equilibrium state, the
following equation holds

d(p™ — p™y — néw)né">KCpS =0 (25)

If introducing the specific saturation capacity I, the relation between the variation of the capillary pressure
and that of the saturation of wetting phase has the form

p(n) _p(W) =S/I. (26)

where I'. can be measured by the matric suction test (Fredlund and Rahardjo, 1993). Using (25) and (26),
K., is obtained

¢

Kp=——"9
P n(()w)n(()mf .

(27)

In order to determine the parameter Ky, in (23), we introduce a dynamic experiment. Suppose the vol-
ume of the solid skeleton and the pressure of the wetting phase are kept constant. The wetting phase can
flow in and out through a semi-permeable tube which connects the test sample to a reservoir having the
same fixed pressure as the wetting phase. The volume variation of the wetting phase can be measured by
a volume meter installed inside the semi-permeable tube. The pressure of the non-wetting phase has the fol-
lowing harmonic expression

P = —pe (28)
Then, according to eq. (23), the saturation has the following form
iwt i(wt—ap)
(f)pae _ ¢pkle (29)

=W ) - -
0y Kep H 0K [l K )+ (0K )’
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where oy = Arctan|wK 4/ (n(()w)n(()n)ch)] is the phase difference between the increment of capillary pressure
and the increment of the saturation. Assuming the real input signal of p™ is

p" = —p, cos(r) (30)
in view of (29), the real saturation output is given by
S= 2 cos(wt — o) (31)

\/(néw)n(()")ch)2 + (wKg)®

Because the volume variation of the wetting phase is in phase with the saturation of the sample, the phase of
the saturation can be evaluated by measuring the phase of the volume variation of the wetting fluid. After
obtaining the phase difference o, the parameter Ky, can be calculated using the formula

(ny"'ny" K ) tan (o)
w

Ky = (32)
As mentioned above, us, 4, may be determined by shear and compression sample tests. By a shear test
performed on a two-fluid saturated porous sample, one has

Hs = Ky (33)

where puq4 is the shear modulus of the sample.

The experimental model for the drained test is shown in Fig. 1. In Fig. 1, the porous medium sample is
enclosed by an impermeable jacket and is connected to the wetting and non-wetting fluid reservoirs by two
semi-permeable tubes. The semi-permeable tube of the wetting phase is impermeable to the non-wetting
phase, while the semi-permeable tube of the non-wetting phase is impermeable to the wetting phase. The
pressures of the two reservoirs are under control. For Fig. 1 experiment model, if let p™ = p™ = 0, then
the drained bulk modulus (Kg, = —Ap/e;) can be obtained by measuring the pressure increment and the
volume strain of the solid skeleton. By using Eqs. (21) and (22), K is given by

n MM, + 1 M M2, — 205" 0 M M M
MMy — i VM2

where Ap = —(I:6)/3. It follows from (34) that K, depends on My, My, My, My, My, as well as Kg,,.

Four parameters K., Kqs, fis, Ks have been determined by four experiments. In order to evaluate the

remaining five parameters: My, My, Mg, Mg, M,,, two additional experiments will be introduced,
i.e., an undrained test and a quasi-unjacketed test. For the undrained test, no local diffusion is permitted

Ks :Kdn +

(34)

semi-permeable tube

semi-permeable tube

Fig. 1. Porous medium enclosed by an impermeable jacket and connected to the wetting and non-wetting fluid reservoirs by two semi-
permeable tubes.
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and no fluid is allowed to flow in or out through the boundary of the sample, which is equivalent to closing
the two semi-permeable tubes (Fig. 1) connecting to the two reservoirs. Formally, the undrained test is de-
fined by the constraint

e = e, = e, (35)

The undrained test here is assumed to be a quasi-static process, which implies that in the test the sample
starts from a reference equilibrium state and arrives at a new equilibrium state through a quasi-static proc-
ess. As a result, Eq. (25) holds for the test. For undrained test three variables are measurable in the exper-
iment, i.e., undrained bulk modulus K4, the Skempton pore pressure coefficients B, B, for the wetting and
the non-wetting phase. The undrained bulk modulus K4 and the Skempton pore pressure coefficients By,
B, (Skempton, 1954) are defined as follows:

A (W) (n)

Ky = ——p, B, ::p—7 B, =7 (36a,b,c)

e Ap Ap
where Ap is the confining pressure increment of the sample. For the undrained test here Ap = —(I:6)/3,
where ¢ is the total stress defined in (8). Using (36a,b,c), (25) can be recast in the form
Ap(By, — B,
5 = 400~ Be) @)
ny 1y Kep

Calculating the trace of (21) and dividing the resulting equation by 3, one has

05-;)/3 =K.e, + n(()W)MSWeW + n((,n)Msnen + NS (38)
Using (37), (35) and (36a), (38) can be rewritten as

n w n Nss Bw - Bn Ku
(1= 1B — By ) Kua = K+ n Mo+ Moy ¢(<W) — Ko (39)
ny 'ny K
0 Mo Bep
Similarly, using (37), (35), (36), Eq. (22) has the following form
Nws Bw - Bn Ku
ByKus = Mgy + My + 1" My — ¢>Ew) o Ko (40a)
ny 'ny Kep
w an Bw - Bn Ku
BuKug = Mgy + 0" My + My, + il Kua (40b)

néw)némKCp

We shall now consider the quasi-unjacketed test. The unjacketed test was first introduced by Biot and
Willis (1957) for one-fluid-saturated porous medium. Here, we extend the experiment to the porous medium
saturated by two fluids. However, our quasi-unjacketed test is different from the Biot’s one. The experiment
model for the quasi-unjacketed test can also be demonstrated by Fig. 1. The quasi-unjacketed test of the
porous medium can be achieved by letting the pore pressure increments of the two fluids equal to the incre-
ment of the confining pressure, i.e., p™ = p™ = Ap. The pressures of the two fluids can be controlled by
two semi-permeable tubes connected to the two reservoirs. In this experiment, three quantities can be cal-
culated, i.e., the quasi-unjacketed bulk modulus K; as well as the fluid content coefficients f, B, for the
wetting and the non-wetting phase. The quasi-unjacketed bulk modulus can be obtained by measuring the
increment of the confining pressure and the volume strain of the solid phase, while the fluid content coef-
ficients can be obtained by measuring the increment of the confining pressure and the volume of the fluids
flowing in or out the sample through the two semi-permeable tubes.

As in the case of the undrained test, we assume that the quasi-unjacketed test here is also a quasi-static
process. Thus, Eq. (25) holds for the quasi-unjacketed test too. Since the increment of the pressures for the
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two fluids are always equal, consequently, in view of (25), it follows that the increment of the saturation of

the wetting phase will vanish (S = 0). Therefore, the quasi-unjacketed bulk modulus K,; and the fluid con-

tent coefficients f,, ff,, are defined as follows:

A e
es Y w Ap )

e, _
P (es — en) (41a,b.c)

Kuj = Ap

where Ap is the pressure increment of the test fluid. The fluid content coefficients (B, ) represent the fluids
volume increments in a unit volume of the porous medium due to a unit increment of the confining pressure
during the quasi-unjacketed test. It is worth noting when define S, f,, (20b) and (20c) as well as the con-
dition S = 0 have been used here. In terms of (41), the condition of S =0 and Egs. (38) and (22), the fol-
lowing equations are obtained

I’l(()S)Kuj =K, +n(<)W)MSW <1 +%KUJ> + n(()“>Msn (1 —|—%KUJ> (423)
1y o
Ky = Mgy + My, <1 +%Kuj> +n(()">Mwn<1 +%Kuj> (42b)
ng Mo
Kuj :Msn+n(()w>Mwn (1 “F%Kuj) +Mnn<1 +%Kuj> <420)
n, ny

Using (34), (39), (40) and arbitrary two equations of (42), the five parameters My, My, Mgy, My, My, as
well as K, can be solved analytically. Since Eq. (34) is non-linear, the expressions of the five parameters
My, My, Mgy, Mg, My, and K are lengthy. Therefore, they will not be listed here.

It is worth noting that the six parameters K4, By, Bpn, Kyj, fw, fn measured in the undrained and the
quasi-unjacketed test are not independent. If using (39),(40) and (42b), (42c) to calculate the parameters
My, My, Mgy, Mg, M, and substituting the obtained My,, My, into (42a), the following relation be-
tween the six parameters is obtained

Kud
1 - Kud(Bwﬁw + Bnﬁn)

Consequently, when do experiments to measure K4, By, Bn, Kyj, fw, fn, only five of them need to be meas-
ured, while the remaining one can be calculated by (43).

K= (43)

6. Harmonic waves in the homogeneous porous medium
6.1. Frequency domain formulation of the problem

In this section, the theory proposed in the paper will be use to analyze harmonic plane waves propagat-
ing in an unbounded homogeneous porous medium. Wave speeds and attenuations of different wave modes
are calculated. For harmonic motion, the closure equation (23) can be used to eliminate the saturation from
the constitutive relations of the stress and the pore pressures. Substitution of (22) into (23) and application
of the Fourier transformation to the resulting equation yield the expression for the saturation in the
frequency domain

S = 048 + Oy w + O (44)
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where a tilde over a variable denotes the Fourier transformation and

Msn *Msw
st = (W) B (453)
MWW/S() +Mnn/(1 — So) — 2Mwn¢) + ny (1 — So)ch + leds/d)
(w)
n Mwn _Mww
Oy = : (W) ] (45b)
MWW/S() +Mnn/(1 — So) — ZMWHQ{) + ng (1 — So)ch + leds/d)
L
0, = Hon =10 Mo (450)

- MWW/SO + Mnn/(l - SO) - 2Mwn¢ + n(gW)(l - SO)ch + 10)1{(:{5/(]5
Application of the Fourier transformation to (21) and substitution of (44) into the resulting equation
give the stress for the solid skeleton in the frequency domain
60 = 7ed + 2 E” 4 R@] + Ryl + Rl (46)

where Ry = NyOss, Rsw = NsOy, + néw)M sws Rsn = NOq + nén)M o Similarly, application of the Fourier
transformation to (22) and substitution of (44) into the resulting equation give the pressures for the two
fluids

i)(w> = *Rwsés - waéw - anén (47a)

ﬁ(n) = _Rnsés - Rnwéw - Rnl‘lén (47b)

where Ry = stss + My, Ryw= stsw + Myw, Ryn= Nstsn + n(()n)Mwna Ry = _anst + M,
Ruyw = —NpnsO, + nf)w)M wns Ron = —NpsOsn + Myn. Applying Fourier transformation to (17) and substitut-
ing (46), (47) into the resulting equations yields the motion of equations for the three phases in the fre-
quency domain

(A + 1) + R]VV -0 4+ 4V - Vit + R, VV - 0™ + R, VV - 2™ + iwby, (@™ — a®)

+iob, @™ — i) = =l 0?ya® (48a)
1" (RysVV -0 + Ry VV - 0™ + Ry VV - ™) — iwby, (0™ — a®)) = —n{ 0y a™ (48b)
1 (RosVV -0 4 Ry VV - 8™ + Ry VV - 0™) — by, (@™ — a¥) = —nf 0?yVa™ (48c)

Applying the divergence operator on the both sides of (48a), (48b), (48c), the following equations for the
dilatations of the three phases are obtained

[(As + 2p) + Rs)V - Ves + R,V - Vey, + RV - Ve, + iwby, (e — &) + iwb, (e, — &)

= P otPg, (49a)
1 (RysV - Ve 4+ Ry V - Véy + RynV - Véy) — iby (2, — &) = —n{ 0?2, (49b)
n" (RysV - Vs + RV - Veéy, + RV - V) — iwby (&, — &) = —n" 0*y"e, (49¢)

For harmonic plane P waves propagate in the porous medium, the following solutions for the dilatations
can be assumed

és :Asei(u)tfkpmx)7 éw :Awei(wtfkpnx), én :Anei(wt*kpn»x) (5037b,C)
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where n is the wave vector of the P waves, k;, is the wave number of the P waves. In general, &, is a complex
number. The phase velocity of P waves is defined as v, = w/Re(k;,) and the attenuation coefficient of the P
wave is denoted by the imaginary part of k. Substitution of (50) into (49) yields the homogeneous linear
equations for A, Ay, A,. The condition of existence of non-trivial solutions for the homogeneous linear
equations gives the dispersion relation for P waves in the porous medium. For given w, the polynomial dis-
persion equation derived from (49) and (50) has three roots for ki and thus &, has six roots. However, only
three of them are physically reasonable, as in terms of (50), the imaginary part of k,, should be less than zero
to guarantee the decreasing amplitudes of the P waves. Consequently, for the porous medium saturated by
two fluids, three P waves exist simultaneously. In this paper, the three P waves are denoted by P1, P2 and
P3, the velocities of which are denoted by vy, vp2, Up3 and vy > vps > vp3. Note that the P1 wave in this
paper corresponds to the P1 wave in Biot’s theory. Also, the P2 wave here corresponds to the diffusive
P2 wave in Biot’s theory. The P3 wave is related to the capillary pressure effect and determined by the
two-fluid equations of motion.
Applying curl operator on the both sides of (48a), (48b), (48c), the following equations are obtained

m =0 © =)

1V V0" 4 iwb, (0" — 0%) +iwb,(@" - 0%) = —aPer) 0 (51a)
iy (" — 0" = My o™ (51b)
i, (" — @) = ey " (51c)

where ﬁ(s> =V xa®, flw =V xa™ and ﬁ(n) = V x @, Substituting from (51b), (51c) for £~2<W), S~2<n)
into (51a) gives the Helmholtz equation for f!<s), from which only one physically reasonable root for shear
wave number kg can be obtained. As a result, there is only one shear wave exists in the porous medium
saturated by two fluids. Similarly, the phase velocity of the shear wave is defined as v; = w/Re(k,) and imag-
inary part of kg represents the attenuation coefficient of the shear wave.

6.2. Numerical results of velocities and attenuation for plane harmonic waves

In this section, the numerical results of velocities and attenuation for some examples will be presented. In
principle, all the parameters involved in our model should be estimated from the measurable parameters.
However, the concern of this section is the influence of some parameters on the velocities and the attenu-
ations of the wave modes rather than experiments. Consequently, the parameters used in the examples of
this section are not based on experiment results. We shall discuss the method to approximate some param-
eters involved in our model, which is useful for the application of our theory when experimental results are
unavailable.

6.2.1. Approximation of the parameters in the model

In order to evaluate the parameter K., in (23) and (25), empirical models, such as the van Genuchten
model (van Genuchten, 1980) and the Brooks and Corey model (Brooks and Corey, 1966), relating the cap-
illary pressure to the saturation of the wetting phase can be used. The van Genuchten model (van Genuch-
ten, 1980) is defined as follows:

§ _ { [1 + (apn*W)n]in pn*W > O

52a
17 pn*W < 0 ( )

< _Sw_Swr

Sy =0—"—7— 52b
Sws - Swr ( )
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where S, is the wetting phase saturation, Sy, is the irreducible, residual wetting phase saturation, S is the
wetting phase saturation for p,,_,, = 0, p,,_,, is the difference between the pressures of the wetting phase and
the non-wetting phase and m, n, « are empirical parameters for the model. Note that Eq. (52) is valid for the
non-linear equilibrium state. For linear case, since the infinitesimal disturbance assumption has been made,
it is reasonable to assume that the disturbance always satisfies the inequality p,_, > 0. Consequently, for
infinitesimal disturbance, the relationship between the capillary pressure increment and the saturation
increment can be obtained by differentiation of (52a)

W) — Ma

_p™ = —S 33
mna(nasw - ;/Ib)H—l/m((xpnfw)n : ( )

where 17, = 1/(Sws — Swr)s b = Swi/(Sws — Swr). Comparison of (53) with (25) gives the expression for the

parameter K,

P,
K., = 54
Y mnon Y (1,8 — ny) " oy )" >y
The Brooks and Corey model (Brooks and Corey, 1966) is defined as follows:
— € o w1
SW _ ( pn—w) p (55)
1, &Ppw < 1

where /, ¢ are empirical parameters in the model. As mentioned above, for linear case, we assume that the
disturbance always satisfy the inequality ep,_,, > 1. Similarly, the relationship between the capillary pres-
sure increment and the saturation increment can be obtained by differentiation of (55)

() _ (W) _ Ma
p =pW = =S 56
e(n,Sw — ) (3

Again, comparison of (56) with (25) gives the expression for the parameters K,

on,
W

Ky =
) n0n>28(naSw — )

(57)

141/

After determining K, the capillary pressure relaxation coefficient K4, can be calculated by (32). Since
the Ky is a frequency independent parameter by definition, consequently, in terms of (32), the equivalent
expression for Ky is

de = ng)W)ng)m 60{()1{‘3[’ (58)

where £, = tan(o)/w and has a dimension of time.

The undrained modulus K4 defined in (36) can be approximated by the following procedure: first use
Wood’s formula (Wood, 1955) to calculate the average bulk modulus of the two fluids, then use the average
bulk modulus of the two fluids as well as the Gassmann equation (Gassmann, 1951) to calculate the un-
drained bulk modulus for the two-fluid saturated porous medium. Note that when use the Gassmann equa-
tion to evaluate the undrained modulus, the bulk modulus of the mineral material making up the rock
matrix is required. So when the bulk modulus of the mineral material is unknown, the undrained modulus
Kyq for the porous medium is difficult to estimate.

For the quasi-unjacketed bulk modulus K,;; defined in (41), the bulk modulus (K,,) of the mineral mate-
rial making up the solid phase can be used as the reference value.
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For the fluid content coefficients defined in (41), the values for the case in which the couplings between

the three phases are neglected can be used as reference values. In this case, the fluid content coefficients are
given by

1 1 1 1
— ;W) _ _ 0 _
ﬁw =n (Kw Km>7 ﬂn ny (Kn Km> (59a,b)

where K, K, are the bulk moduli for the separate wetting and the non-wetting fluid. Clearly, if couplings
are taken into account, the fluid content coefficients are different from (59) and only can be determined by
the above-mentioned procedure.

Moreover, when evaluating the parameters K4, By, Bn, Kuj, fw, fn, Eq. (43) can be used to calculate one
parameter from the other five parameters.

The relative permeability for fluid k&” is dependent on the saturation of the fluid. In this paper, the
Brooks and Corey model (Brooks and Corey, 1966) is used to determine ky'). For a porous medium satu-
rated by two fluids, in terms of the Brooks and Corey model (Brooks and Corey, 1966), the relative per-
meabilities for the wetting and the non-wetting phase have the following expressions
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Fig. 2. Velocities of the shear wave, P1, P2 and P3 wave in the porous medium with varying capillary pressure relaxation coefficient
Kgs: (a) velocity for the shear wave (vs); (b) velocity for the P1 wave (vp); (c) velocity for the P2 wave (vy,,); (d) velocity for the P3 wave
(”pS)-
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KW =S =1 -5, (1 = 5L (60a,b)

w w

where S,, is given by (52b) and / is a model parameter.

6.2.2. Influence of the capillary pressure relaxation coefficient on the velocities and the attenuation

In this section, the influences of the capillary pressure relaxation coefficient on the velocities and the
attenuation coefficients of the four wave modes in the porous medium are considered. In order to evaluate
the parameter K, in (23), Eq. (57) derived from the Brooks and Corey model (Brooks and Corey, 1966) is
used in this section. The following values of the parameters are assumed A = 1.5, ¢ = 5.0667 x 10°Pa~",
and S,,; = 0.1, Sys = 0.9 respectively. The parameters for the solid skeleton are as follows: the density
y(()s) =2.339 x 10° kg/m?, the porosity ¢ = 0.3, the elastic coefficients K, = 10.0 GPa, us = 7.0 GPa, the per-
meability k£ = 1.0 x 10 '?m?. Note that the elastic coefficients K, x relate to the drained bulk and shear
modulus of the porous sample by (34) and (33). The parameters for the wetting phase are assumed the fol-
lowing values: yéw) = 1.0 x 10* kg/m?, the viscosity ™ = 1.0 x 10> Pas and the relative permeability £
is given by (60a) with /=1. For the non-wetting phase, the parameters are as follows:
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Fig. 3. Attenuation coefficients of the shear wave, P1, P2 and P3 wave in the porous medium with varying capillary pressure relaxation
coefficient Ky,: (a) attenuation coefficient for the shear wave; (b) attenuation coefficient for the P1 wave; (c) attenuation coefficient for

the P2 wave; (d) attenuation coefficient for the P3 wave.
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y(()“) = 0.65 x 10° kg/m?, the viscosity #™ = 1.0 x 10" 'Pas and the relative permeability k") is given by
(60b). The initial saturation of the wetting phase assumed Sy = 0.6. In terms of (57) and using the values
of /, ¢ given above, one obtains K., = 5.0 GPa. In this example, the parameter Ky is equal to 1.0 x 10*Pas,
1.0x 10°Pas, 1.0 x 10°Pas, 1.0x 10’ Pas, respectively. In calculation, we take My, =2.5GPa, M,
=1.0GPa, M, =0.8GPa, My, = 0.4GPa, M,,, =0.2GPa. In terms of (39), (40), (42) and (43), the six
parameters defined in (36) and (41) for the undrained and the quasi-unjacketed test are obtained:
Ku.a=10.8GPa, B, =0.19, B,=0.18, K,; = 17.3GPa, f,=55x10""Pa', B, =1.4x10""Pa"".

The velocities and the attenuations of the four wave modes are shown in Figs. 2 and 3. It follows from
Fig. 2(a) and Fig. 3(a), the variation of the capillary pressure relaxation coefficient Ky has no influence on
the velocity and the attenuation of the shear wave in the porous medium. Fig. 2(b) shows that with increas-
ing Ky, vp1 increases slightly. It follows from Fig. 2(c) and (d), the variations of vy, vp3 With increasing Ky
are more significant than that of v,;. Specifically, vy, vp3 increase with increasing Ky at first, however,
when Ky, > 1.0 x 10°Pas, Up2, Up3 decrease with increasing Kgs. Fig. 3(b) shows —Im(kp,;) increases signifi-
cantly with increasing Ky at first, nevertheless, when Ky > 1.0 x 10° Pas, —Im(kp,;) decreases quickly with
increasing Kgs. Fig. 3(c) and (d) demonstrate that —Im(k,,) and —Im(k,3) decrease significantly with
increasing Ky,. It follows from the calculation of this section the capillary pressure relaxation process
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Fig. 4. Velocities of the shear wave, P1, P2 and P3 wave in the porous medium with varying saturation of the wetting phase Sp: (a)
velocity for shear wave (vy); (b) velocity for the P1 wave (v,); (c) velocity for the P2 wave (vy,,); (d) velocity for the P3 wave (vp3).
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has a significant influence on the attenuation of the various P wave modes. So it is another important mech-
anism accounting for the attenuation of the two-fluid saturated porous medium.

6.2.3. Influence of saturation on the velocities and the attenuation

In this section, the influence of saturation on the velocities and attenuation coefficients of the four waves
in the porous medium is considered. The capillary pressure relaxation effect is neglected here, which is tan-
tamount to the assumption that the capillary pressure equilibrium is reached instantaneously. We assume
the parameters of the solid, the wetting and non-wetting phase are the same as in Section 6.2.2. In principle,
the parameters My, My, My, My, My, depend on the saturation of the wetting phase. However, for the
simplicity of the analysis, in this section, in view of (19), we assume the parameters My, M, Mgy, Mgy,
M., are independent of the saturation. As a result, as in Section 6.2.2, the five parameters take the follow-
ing values: M, =2.5GPa, My, = 1.0GPa, M, = 0.8GPa, M, =0.4GPa, M, =0.2GPa. The satura-
tion values Sy =0.2, 0.4, 0.6, 0.8 are assumed. The parameter K., is calculated by (57) and all the
related parameters are assumed the same values as in Section 6.2.2. Then, in terms of (57), the values
of K., corresponding to the saturation S, =0.2, 0.4, 0.6, 0.8 are K., =109.65, 11.70, 5.00, 4.28 GPa,
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Fig. 5. Attenuation coefficients of the shear wave, P1, P2 and P3 wave in the porous medium with varying saturation of the wetting
phase Sp: (a) attenuation coefficient for the shear wave; (b) attenuation coefficient for the P1 wave; (c) attenuation coefficient for the P2
wave; (d) attenuation coefficient for the P3 wave.
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respectively. The six parameters defined in (36) and (41) for the undrained and the quasi-unjacketed test can
be calculated with given My, My, Mgy, My, My, Kep.

The velocities and the attenuations of the four wave modes in the porous medium are plotted in Figs. 4
and 5. Fig. 4(a) and (b) demonstrate that the velocities of shear wave and P1 wave only decrease slightly
with increasing saturation. The velocity of P2 wave increases with increasing saturation, while the velocity
of P3 wave decreases with increasing saturation. Fig. 5 shows that the attenuation coefficients of the shear
wave, P1 and P3 wave increase with increasing saturation, while the attenuation coefficients of the P2 wave
decreases with increasing saturation.

7. Conclusions

A linear dynamic model for the porous medium saturated by two fluids in the isothermal case has been
developed in the paper. As expected, one kind of shear wave and three kinds of P waves are predicted by
our theory. Our model can be used in the dynamic analysis of rock saturated by oil and water, rock satu-
rated by oil and gas or soil saturated by water and gas. The suggested model is derived in a systematic way
by using the entropy inequality and the balance equations from the mixture theory. Moreover, the pro-
posed model overcomes the drawbacks of Biot’s theory: it avoids the Lagrangian formulation by using bal-
ance equations of the mixture theory and thermodynamics approach. It eliminates the phase separation
assumption by introducing a single free energy constitutive function for the porous medium. In other
words, our theory combines the advantage of one energy concept in Biot’s theory with the volume fraction
concept and balance equations of the mixture theory. For the application of our theory, some new exper-
iments have been introduced to evaluate the parameters involved in our model. In terms of the introduced
experiments, the approaches have been devised to determine the model parameters. It has been shown that
the capillary pressure relaxation coefficient has significant influence on the attenuation of the P waves but it
has no influence on the speed and the attenuation of the S wave. As a result, unlike Biot’s one-fluid model,
our model includes two mechanisms accounting for the attenuation of the two-fluid saturated porous med-
ium: the common drag force mechanism and the present capillary pressure relaxation mechanism. Also, the
numerical results of the paper show the saturation of the wetting phase has influence on the speeds and
attenuations of both the S wave and the P waves.
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